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Abstract

In sequential screening problems it is found that, under some regularity conditions,
local incentive compatibility constraints are sufficient for implementability. However, this
follows from the assumption that the possible distributions of the unknown variable satisfy
either first-order stochastic dominance or mean-preserving spread. That assumption is
matched with private information about either the expected value or the spread of the
variable. In this paper we allow for private information about both parameters. In a
setting with four possible cost distributions, two with equal expected values and different
spreads and two with different expected values and equal spreads, we show that there can
be multiple combinations of binding incentive constraints depending on the principal’s
preferences. The less concave / more convex that the marginal surplus is, the more that
the binding incentive constraints are related to private information about one parameter
of the distribution relative to the other. Yet, screening is always two-dimensional. Local
incentive constraints are sufficient, as in the literature, only when the marginal surplus is
sufficiently convex. We further suggest that, in the same vein as in Consumption theory,
the contractual choice can be regarded as mirroring the preference of the decision-maker
for a lottery that occasions a higher (certain) cost but grants the possibility of facing more
efficient (random) outcomes. Resting on this interpretation, we assess that the benefit
of screening the agent in two stages, rather than in the contracting stage only, is higher
when the marginal surplus is less concave / more convex.
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1 Introduction

Motivation

By now it is well known that there are important gaps between estimates and real values
of the costs of public projects. In a number of empirical investigations underling these gaps,
such as the studies on transportation of Flyvbjerg [15] and Flyvbjerg et al. [16] - [17], it is
argued that "wrong" estimates are plausibly related to the incentives of the delegated firms to
manipulate the true estimates vis-a-vis the delegating authorities. In the words of Flyvbjerg
et al. [16]: "the data and tests lead us to reject technical explanations of forecasting errors.
Such explanations simply do not fit the data" (p. 286). Whereas the empirical research is
suggestive of a poor contractual design, it is not clear how a delegation contract should be
structured when the agent is privately informed about the distribution of an unknown variable
that matters in the relationship with the principal. Despite that an estimate includes both
the point estimate (the mean) and the interval estimate (the spread around the mean) of the
unknown variable, hitherto there has been no theoretical study about the optimal screening
of agents holding private information about the two parameters of the distribution and being
potentially motivated to misrepresent both of them.

In incentive theory, optimal delegation has been studied in situations in which the agent
knows either the expected value of some variable or its spread, with results that are now fairly
known. Private information about the expected value is matched with the assumption that the
possible distributions of the unknown variable (the types) are ranked according to first-order
stochastic dominance (as in Riordan and Sappington [33], Courty and Li [9], Eso and Szentes
[14], Krahmer and Strausz [24]). Private information about the spread is matched with the
assumption that the distributions are ranked in the sense of mean-preserving spread (as in
Courty and Li [9], Dai et al. [10], Hoffmann and Inderst [20]). Screening occurs sequentially
because, as is natural in such settings, in addition to observing the distribution of the variable
before signing the contract, the agent will also learn the realized value in a later stage. The
stochastic dominance assumption is extremely useful in these contexts. In the same vein as in
static problems & la Baron and Myerson [5], it entails that, under some regularity conditions,
relevant incentive constraints are those whereby higher-order types are not tempted to mimic
adjacent lower-order types. Accordingly, only local incentive constraints are binding in the
screening problem. The principal should focus on the incentives to exaggerate the expected
cost in one case, and to understate the spread in the other.

When both the expected value and the spread of the unknown variable are privately known
to the agent, the identification of the relevant incentive constraints becomes quickly more
complex because one cannot impose any standard stochastic dominance ordering on the dis-
tributions. Then, one cannot hinge on the existing studies to draw conclusions about the
incentives to be considered in contractual design. There are thus a few open questions. When
delegating a project under incomplete information about the distribution of the cost, should

a public authority require the firm to report the entire estimate, i.e., both the mean and the



spread, thus tackling a two-dimensional screening problem? In contractual design, should the
authority be concerned with the firm over /understating the expected cost, knowing that such a
lie can be combined with a lie about the spread? Similarly, should the authority be concerned
with the firm over/understating the spread, knowing that such a lie can be combined with a
lie about the expected cost? Our goal is to address these research questions.

By offering replies to these questions, we aim at shedding light on a complementary issue as
well. Both in empirical studies like those aforementioned and in public debates a major concern
related to the misrepresentation of cost estimates is that cost overruns might result. That is, it
might be the case that the cost estimates delivered in the first stage of the relationship are lower
than the costs actually realized in a later stage because the real estimates were camouflaged
purposely. This seems to suggest that an agent holding private information about the expected
value and the spread of the cost might be willing to understate at least one of them. However,
it is not clear that the agent would actually display such incentives. For instance, one would
expect the agent to benefit if he exaggerates the expected cost when it is low (rather than
understating it) and correctly reveals the spread. Our investigation is intended to figure out
what incentives cost overruns might exactly mirror (whether those to understate the expected
cost, or the spread, or a mix of the two) and should be accounted for accordingly in contractual

design.!

Setting

We consider the delegation of a production activity by a principal to an agent holding private
information about both the expected value and the spread of the unit cost of production. Each
parameter can take two values and the unit cost can be drawn from four distributions, two
having equal mean but different spreads, and two having equal spread but different means.
Thus, provided that the agent is required to report both parameters of the distribution when
the contract is signed, both unidimensional and two-dimensional lies are possible, and in either
direction. As an illustration, an agent with low expected cost and high spread can exaggerate
the expected cost, or he can understate the spread, or he can do both thus cheating in two
different directions. In line with Courty and Li [9] and with the sequential screening literature
in general, the agent also learns the true cost when it is realized and is required to deliver
a second report about the newly acquired information. He produces and is compensated

thereafter according to the reports made in the two stages.

Main results

Optimality of a two-dimensional report We find that for the principal it is generally

optimal to require the agent to report both the mean and the spread when selecting a specific

'In the delegation of public projects, public authorities are concerned with cost overruns because they are
not necessarily borne by the delegated firm. Indeed, the latter might pass them onto the public authority
through contractual renegotiation ex post. However, before investigating renegotiation issues, it is necessary to
understand whether or not one should expect cost overruns to occur in an optimal full-commitment contract,
which is the goal of our study.



contractual option among those in the contractual menu. Whereas this finding is intuitive,
the identification of the exact incentives to lie that must be considered in contractual design,
and hence of the incentive constraints that are binding in the principal’s problem, is far from

obvious and leads to a bunch of additional results, which we present below.

The relationship between principal’s preferences and agent’s incentives Our study
delivers a broad lesson about how to identify the relevant incentives to misrepresent information
in contractual design. It comes out that those incentives are finely related to the principal’s
preferences for the good delivered by the agent. The link between preferences and binding
incentive constraints is novel in the sequential screening literature, and uncommon in incentive
problems in general. Given this link, the similarity between sequential problems and static
problems does not apply in our setting, in which the distributions are not ordered in terms of
stochastic dominance. Indeed, the screening problem admits multiple solutions (rather than
one only) and it depends on the third derivative of the surplus function what solution exactly
arises among those that are possible. Specifically, the higher that the third derivative is,
the more that the contractual solution mirrors a preoccupation for higher-order types being
mimicked relative to lower-order types. There are two important implications to this.

Implication 1: The principal is concerned with the possibility of the agent misrepresenting
the spread rather than the expected value, or vice versa, depending on whether the degree
of private information about the expected value is greater or smaller than that about the
spread. Therefore, whereas it is optimal for the principal to screen the agent with respect to
both information dimensions, it depends on her own preferences whether she should be more
concerned with one or the other dimension being misrepresented.

Implication 2: Local incentive constraints imply global incentive constraints if and only if
the principal’s marginal surplus is sufficiently convex. Therefore, when this is the case, the
type ordering plays a similar role to stochastic dominance in the screening problem, and the

similarity between sequential and static screening problems is then restored.

Optimal contract and prevention of cost overruns The literature provides a clue about
the occurrence of cost overruns when private information is unidimensional. That is, one
should not expect overruns to occur when private information is about the expected cost.
Indeed, when the expected cost is high, the agent is of a "bad" type and has no incentives
to understate it. By contrast, one can expect overruns to occur when private information is
about the spread. Indeed, when the spread is high, the agent is of a "good" type and might
want to understate it, as shown by Courty and Li [9] and the subsequent studies in which
mean-preserving spread is assumed. The reason why a high-spread type is "good", and hence
desirable to the principal, is understood if it is considered that the principal enjoys an option
value by conditioning the volume of trade on the real value of the unknown variable, which
will be realized after the contract is drawn up. The higher the spread, the greater the option

value to the principal. This is consistent with the theory of investment under uncertainty



(Dixit and Pindyck [12]), according to which uncertainty is beneficial to a decision-maker who
can condition her decisions on future contingencies, benefits being more pronounced when
uncertainty is high. In our setting, without specific investigation, it is not clear that an agent
with high spread is of a good type, provided that the desirability of an agent’s type to the
principal will also depend on the expected cost. Therefore, one cannot infer that cost overruns
would occur if the principal faces a high-spread agent. Nor is it clear that the principal dislikes
an agent with high expected cost as the spread will matter as well. However, we find that,
regardless of the principal’s preferences for the good, conceding a rent to eliminate the agent’s
incentives to understate the spread suffices to avoid understatement of the expected cost as

well.

Extension to more than four types In settings with more than four cost distributions,
not only can the agent over/understate either parameter of the distribution. He can also choose
the extent to which, for each parameter, the reported value will diverge from the true value. By
extending the analysis to such settings, we find that when the difference between the expected
costs of any two types is either greater or smaller than that between the respective spreads,
thus mirroring a monotonicity on the extent to which one parameter can be misrepresented
relative to the other across types, the principal can restrict attention to the same kind of
incentives that arise in the four-distribution setting. As an illustration, with more than four
distributions, an agent with low expected cost and high spread may want to announce a even
higher spread, selecting the exact value to be announced among many possible higher values.
However, it turns out that this does not need to be an issue because that type of agent will have
stronger incentives to exaggerate the spread in a "local" sense. Therefore, when the extent
of private information about one parameter of the distribution is monotonic relative to that
about the other parameter, our main results naturally extend to settings with more than four
distributions. This shows that the complications we detect in the screening problem are rooted
in the possibility of the agent lying on either information dimension in either direction, rather

than in the extent to which the agent would misrepresent each dimension.

After drawing the results described so far, we suggest two convenient ways of interpreting the
relationship between the principal’s preferences and the contractual choice. One interpretation
rests on the theory of consumption under uncertainty, the results of which depend as well on
the shape of the decision-maker’s marginal utility (see, for instance, Leland [27] and Menegatti
[30]). The other interpretation refers to monopoly regulation and rests on the correspondence
that one can identify between the curvature of the marginal surplus function and the price-
elasticity of market demand. Accordingly, the link between preferences and contractual choice
in our model is transposed into a link between demand elasticity and optimal regulation.
Because regulators refer widely to elasticity estimates, this link is indicative of how they can

make use of our theoretical predictions along the current practice.



Related literature

Our study is related to sequential screening problems in which private information is about
either the expected value or the spread of the unknown variable, such as those analyzed by
Riordan and Sappington [33] and Courty and Li [9]. However, as opposed to those models, we
take the signals about the distribution to belong to a discrete set to circumvent the difficulties
with identifying the solution which have been found to arise in multidimensional screening
problems with a continuum of types (Wilson [35], Armstrong [1], Rochet and Choné [8]).

In the same vein as in the multidimensional screening problems studied by Armstrong and
Rochet [3] and Armstrong [2], we identify various combinations of binding incentive constraints
at optimum, though in different contexts and with results that are not directly comparable.
Armstrong and Rochet [3] consider two distinct activities and private information about the
unit cost of each activity. When the two pieces of information are uncorrelated, as in our case,
they obtain that only incentives to mimic adjacent types are relevant, as in the unidimensional
sequential screening models. In our setting, there is a rich number of combinations of binding
incentive constraints, which is due to the fact that the two information dimensions pertain
to a distribution. The two pieces of information are uncorrelated but the decision variables
(expected production and spread between productions) are interdependent, leading to various
solutions that are not comparable to Armstrong and Rochet [3]. Armstrong [2] considers a
setting with private information on cost and demand functions of the agent. A link between
our study and his study is identified in that some types may be bunched at optimum, because
private information on both cost and demand may lead to binding monotonicity conditions, in
the spirit of the literature on countervailing incentives (Lewis and Sappington [28] and Maggi
and Rodriguez-Clare [29]). We identify that bunching of types may appear at optimum as a
way to limit distortions when the private information on one dimension is sufficiently large
relative to the other. Hence, types may be bunched together as in Armstrong [2], although not
due to binding monotonicity conditions. Moreover, unlike in Armstrong [2], bunching in our
setting refers to entire distributions of production, rather than to two quantity levels.

More generally, our paper is related to the literature on the delegation of public activities.
Following Riordan and Sappington [33], that literature evolves in two main strands. The first
strand includes models in which the firm decides whether to take some action before learning
the true cost or the decision is delayed until after the cost is realized (Kjerstad and Vagstad [22],
Board [6], Mougeot and Naegelen [31]). The second strand includes models on cost overruns in
which the firm is privately informed about the expected cost in the delegation stage, whereas
the true cost is observed publicly in a subsequent stage (Spulber [34], Chen and Smith [7]).
The issue of cost overruns is also argued to be critical in recent studies on public-private
partnerships, such as Laffont [26], Guasch et al. [18] - [19], Danau and Vinella [11], Tossa and
Martimort [21]. In these studies, the expected cost is commonly known, whereas its realization
is observed privately by the firm; none of these studies considers the possibility of the agent

observing both the distribution and the true cost privately in the delegation of public activities.



1.1 Outline

The remainder of the paper is organized as follows. In section 2 we describe the model
and formalize the principal’s problem. In section 3 we present a few benchmarks associated
with "standard" information structures. In section 4, we figure out the two possible orderings
of types; we then look at situations in which screening is sequential only for some types. In
section 5 we focus on full sequential screening and identify the relationship between principal’s
preferences and binding incentive constraints. The optimal contract is characterized for one
possible type ordering in section 6. In section 7 we consider a richer set of possible cost distri-
butions. Section 8 provides two alternative interpretations for a deeper understanding of the
relationship between preferences and contractual choice. Section 9 concludes. Mathematical

details are relegated to an appendix.

2 The model

We consider a principal, P, who delegates an activity to an agent for the provision of a
good or service. Production of y units of the good occasions a cost of cy to the agent and
is compensated with a payment of ¢ made by P. Consumption of y units of the good yields a
gross surplus of S (y) to P, where S (0) = 0 and S (-) is three-times continuously differentiable
and such that S’ (-) >0 and S” () <0 Vy > 0.

The relationship between P and the agent takes place in two stages under full commitment.
The contract is signed in the first stage. At that time, the agent has private information about
the exogenous parameters of the distribution of the unit cost ¢ (¢) = 6+ 0, say, because of the
expertise acquired by running similar activities in the past. The parameters of the distribution
are the expected value 6 > 0 and the spread o > 0. It is common knowledge that 6 is either 6},
or fy with probabilities v and 1 — v; o is either o, or oy with probabilities p and 1 — u. We
let A8 =0y — 0 >0 and Ac = oy — o1, > 0. Furthermore, ¢ is a shock that will affect the
cost realization in the second stage. It is commonly known that the shock will be either € > 0
(a bad shock) or —z (a good shock) with equal probabilities.? Because the specific value of &
is irrelevant in the analysis, we normalize it to 1. Once ¢ is realized, the state of nature (the
true unit cost) is determined and the agent observes it privately. Then, he produces the good

and is compensated by P according to the terms of the contract.?

2The assumption that the two shock realizations are equally likely is made for simplicity and does not affect
results.

3The assumption that the stochastic variable is additive in mean and spread and that the mean and the
spread are mutually independent is also made in the previous literature, including Courty and Li [9], Eso and
Szentes [14] (Example 1) and Hoffmann and Inderst [20]. Krahmer and Strausz [24] model the cost as being the
sum of a signal privately known in the first stage and a random shock realized in the second stage. However,
these authors mainly focus on the case where the distribution of the shock is independent of the signal.



2.1 The problem of the principal

P offers the agent an incentive contract which includes an allocation {y;; (¢),t;; (¢)} for
each possible distribution ij € Y = {LL,LH, HL, HH} and each possible shock ¢ € {—1;1}.
Henceforth, we refer to ij as the agent’s type and to ¢;; (€) = 0; + €0, as the state of nature
realized following the shock. Given the contractual allocation, an agent of type 7j obtains the
profit m;; (€) = t;; (¢) — (0; + €0;) yij (¢) when the shock is .

To elicit the agent’s information about the observed shock in the second stage, conditional
on the delivery of a truthful report ij in the first stage, P must design profits in such a way

that they comply with the second-stage incentive constraints:*
icije M (€) > mii(E) + (€ — )0y (), Vij €Y, Ve, € € {—1;1}.
Satisfying these constraints requires respecting the following monotonicity conditions:
MGy = yi(—1) > yi;(1), Vij.

Provided that this condition holds, it is possible to identify appropriate values of m;; (¢) for
any given value of the expected profit IT;; = E, [m;; (¢)] . This is the rent to be given up to type
ij in order to elicit information in the first stage.’ To also elicit the agent’s information about
the observed distribution in the first stage, P must design the expected profits in such a way

that the first-stage incentive constraints are satisfied:

Icy": My > %max {Z [ty (&) = (0 + £03) yuy ()5 D [ty (B) — (0 + £05) yry @}} :

€ €

The right-hand side of I ijl-j/ represents what type ij would earn by announcing i'j’ in the
first stage and either ¢ or € in the second stage. Considering that P also needs to satisfy the
participation constraints:

PC;; : 11;; > 0, Vij,

the problem of P, denoted T, is written as follows:

lTax > B [Be [S (43 () — (6: + £0) yij ()] — Thy5)

{5 Wi Yjer cef-1.13 er
subject to
MCy, IC" and PCy, Vij € T

4 Applying the Revelation Principle for multistage games (Myerson [32]), in the second stage the agent is
required to report only the newly acquired information, namely the realized shock e, rather than the realized
unit cost #; 4 €0, which might not be consistent with the report delivered in the first stage and would raise
the overall number of incentive constraints unnecessarily. Moreover, in the second stage the agent is required
to reveal the true shock conditional on revealing the true type in the first stage.

5We assume no discounting because all payoffs in the model depend on second-stage production levels and
transfers.

6In our notation, ij # 4’5" indicates that either i # i’ or j # j' or both.



Of course, absent information problems, M C;; and I Cf;j " would be irrelevant and P would be

able to decentralize the first-best allocation:

S'(yi; (€)) = 0;+eoy, Vij, Ve (1a)
m;, = 0, Vij. (1b)

Although P faces the same kind of constraints as in any sequential screening problem, we
will see that in our setting complications arise in the identification of the binding incentive
constraints. Before turning to the analysis, it is useful to consider a few benchmarks associated

with more standard information structures.

3 Benchmarks

We first propose four benchmarks of sequential screening: in the first two, denoted (1) and
(2), the support of the unit cost is continuous; in the subsequent two, denoted (1) and (2'),

the support is discrete. The last benchmark, denoted (3) , is one of multidimensional screening.

(1) No private information about the spread Assume that the unit cost of production
¢ takes value in the interval [c,¢] according to the cumulative distribution function F;(c),
where i € {1,2, 3,4} indexes the distribution. The function F; (-) is continuously differentiable
and f; (¢) = F!(c) is the density function. Assume that F; (-) decreases with 4, which means
that any distribution ¢ dominates the distribution 7 + 1 in the sense of first-order stochastic
dominance. Denoting E [c|i] = 6; the expected unit cost conditional on the distribution being
1, we have:

01 < by <03 <0y

Let h; = 22;11 %k Vi€ {2,3,4}, and h; = 0 be the hazard rate and assume that h; increases

with 7. Then, the solution to the problem of the principal is characterized as follows:

S (yi(¢)) = ¢ and S (yi (c)):c—l—h,;w, Vi € {2,3,4}

o o=y, /Cyk(c)(Fk_l(c)—Fk(c))dc, Vie {1,2,3}, and II, = 0.

k=it+17¢

At the solution all the incentive constraints but the local downward incentive constraints are
slack. To see why, consider that under first-order stochastic dominance Fy_; (¢) > Fj(c),
Vk, involving that II; — Iy = [* yit1 (¢) (F; () — Fiya (¢))de > 0, Vi < 4. Hence, an agent
of type i has no interest in mimacking a type above i + 1 (if any) because that lie would
grant him a lower gain than would be obtained by claiming ¢ 4+ 1. Moreover, provided that
the quantity y; (¢) is monotonic with respect to 7, an agent of type i + m would face a loss of

f; (Yirm (€) — yi (€)) (Fi (¢) — Fiym (¢)) de if he were to pretend 4, and hence he has no incentives



to do so. This is the formal argument that Courty and Li [9] use to prove that "upward"

incentive constraints are satisfied.

(2) No private information about the expected cost In the same setting as above, take
four distributions indexed by j € {1,2,3,4} with equal mean 6. Further take [ “F;(c)de to
be decreasing in j, which means that any distribution j is a mean-preserving si)read of the
distribution j + 1. Assuming that h; is monotonic and that the optimal quantity profile y; (c)
is monotonic in ¢ (thus satisfying the second-period monotonicity conditions), the solution
is formulated as in benchmark (1). However, resting on the property of equal mean across
distributions, involving that ff Fi 1 (x)de = ff Fy, (x) dz, VE, the information rent is now also

written as:

I, — 24: /:(_y; () (/:F,“ (x)da:—/chk(a:)dm> de, ¥j € {1,2,3}, and TI, 0,

k=j+1

Under second-order stochastic dominance, fcc Froy (x)de > [ ¢ Fy, (v) dx, Vk; furthermore, second-
period monotonicity requires y;, (¢) < 0. It follows that IT;—I1,;; > 0,Vj < 4, where IT; 1L, ;; =
IS (=441 (¢) (fc( Fj(z)dx — [T F;(2) d:c) dc. As in benchmark (1), an agent of type j has no

c

interest in mimicking a type above j + 1. Besides, an agent of type j + m has no incentive
to pretend j because that would yield a loss of [ (=} (0)) (fcc Fj(x)dx — [ Fjim (2) da:) de.
Therefore, also in this case upward incentive constraints are sa%isﬁed, as in the proof developed
by Courty and Li [9)].

(1') No private information about the spread Take ¢ = §+¢c0 as in our setting. Assume
that the expected costs are such that 6; < 6y < 03 < 6, whereas the spread o is equal
across distributions and commonly known. Also assume that 8, — o < 6, 4+ o, implying that
0y —o < 0; + o, Vi,7. Under this assumption and the monotonicity of the hazard rate h;, the

solution is characterized as follows:

S (y1(e)) = O1+eoc and S (y;(e)) =0; +eo+h; (0; —0,_1), Vi€ {2,3,4}

4
M = > (6 —0k1)ar Vi€ {1,2,3}, and Iy = 0.

k=i+1

(2') No private information about the expected cost Take again ¢ = 6 + co as in
our setting. Assume that the four distributions are characterized by an equal mean of 6 and

different spreads o, where j € {1,2,3,4} is again the agent’s type, such that:
01> 09 > 03 > 04.

Denote f1; the commonly known probability of the agent’s type being j, the hazard rate g; =

,1;11 ’;—’;, Vi € {2,3,4}, and ¢g; = 0. If g; is monotonically increasing in j and the second-period

10



monotonicity condition y; (—1) > y; (1) is not binding, then the solution is given by:

S’ (Z/1 (E)) = 0+ E0; and S,(y] (E)) =0+ E0j — E9j (O’j,l — O'j) s V] S {2,3,4}

4
I, = Z (0k—1—0ok) T, Vj <4, and II; = 0.

k=j+1

Overall inspection of the four cases above highlights that the solution displays analogous
features regardless of whether the unit cost takes values in a continuous interval that does
not vary across distributions, the usual case in sequential screening models, or it takes values
in a discrete set that differs across distributions. Both in benchmark (1) and (1") production
levels are decreased below the efficient levels for all types but ¢ = 1, higher distortions being
associated with higher expected costs. Moreover, the higher the expected cost the lower the
information rent accruing to the agent. Both in benchmark (2) and (2') production levels
are distorted for all types but the highest-spread type, distortions being downwards for good
shocks, upwards for bad shocks, and greater the lower the value of the spread. Moreover,
the information rent accruing to the agent is lower the smaller the spread is. In substance,
regardless of whether the agent’s private information concerns the expected cost or the spread,
the solution is such that greater distortions are induced for less "efficient" types (namely,
types with higher expected cost and lower spread) and more efficient types are assigned higher
information rents. A similar outcome is also obtained in the setting to be presented next, in

which screening is multidimensional, as in our framework, but not sequential.

(3) The two pieces of information as the unit costs of two activities Assume that
0; and o;, where i, j € {1,2,3,4}, represent the unit costs of operating two distinct activities,
rather than being the two parameters of a cost distribution. As Armstrong and Rochet [3]
show, when 0; and o, are uncorrelated and the monotonic hazard rate property is satisfied for

each activity, the solution is "twice a replica" of the standard solution ¢ la Baron and Myerson

[5].

Proposition 1 (Riordan and Sappington [35), Courty and Li [9], Armstrong and Rochet
[8]) The solutions in benchmarks (1), (2) and (3) are such that local incentive constraints imply
global incentive constraints. Distortions in production levels are greater for less efficient types,

whereas information rents are greater for more efficient types.

This result is similar to those obtained in static screening problems a la Baron and Myerson

[5]. Sequential and static problems are alike in this respect.” Recall now that in benchmark

"Notice that in the static screening problems we refer to the incentive mechanism is deterministic. In a
recent manuscript, Krahmer and Strausz [25] show that when the incentive mechanism in the static problem
is stochastic, the sequential problem a la Courty and Li [9] and the static problem are equivalent, not only
"alike" in the sense of Proposition 1.
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(1) this result was obtained under the assumption that 6, — o < 6; + o, Vi,i'. When this

condition is violated, the following result holds.

Proposition 2 If there exist i’ > i such that 0; — o > 0; + o in benchmark (1'), then type i’

is assigned the same level of output regardless of the shock: yy (€) is constant Ve.

This result is reminiscent of that derived by Krahmer and Strausz [23]. When 0, —0 > 0;+0
and type ¢ announces i’ > 7 in the first stage, it anticipates that, following this lie, it will obtain
a benefit in the second stage if it pretends a good shock when the true shock is bad. That
benefit, which is equal to (6; — 0;) (y» (—1) — yi (1)), will then add to the potential gain from
cost overstatement in the first stage. Therefore, type i will be motivated to lie again in the
second stage after lying in the first stage. Specifically, it will be eager to understate the shock
on the cost realization in the second stage after overstating the expected cost in the first stage.
This means that it displays countervailing incentives with respect to the reports to be delivered
in the two stages. It it thus not surprising that an inflexible output rule must be imposed on
type i’ (y# (=1) = y» (1)) to make cheating unattractive for type ¢, in the same vein as in the
traditional agency models with countervailing incentives (Lewis and Sappington [28], Maggi
and Rodriguez-Clare [29]). The specificity here is that countervailing incentives arise with

respect to the information reported in distinct periods.

Let us now compare the screening problem we analyze with the benchmarks. Unlike in
benchmarks (1) — (2) and in line with benchmarks (1") — (2'), the set of possible cost values is
discrete and depends on the first-stage distribution.® Moreover, the cost distributions cannot
be ranked according to a specific stochastic ordering, and hence the reasoning used by Courty
and Li [9] (i.e., that in benchmarks (1) —(2)) cannot be followed with the purpose of identifying
the binding incentive constraints. Lastly, the fact that § and ¢ are the parameters of a cost dis-
tribution, rather than the unit costs of two distinct activities as in benchmark (3) , complicates
the screening problem because the incentives to misrepresent the two pieces of information are
linked, provided that they both depend on the output profiles in the distribution they belong
to. These divergences of our problem from the common setting in the literature will lead to
a divergence of our findings from Proposition 1. In this respect, it is also useful to point out
that the results in Proposition 1 are obtained regardless of the shape of the marginal surplus
function S’ () . Actually, in Courty and Li [9] and in most recent studies the marginal valuation
of the traded good is taken to be constant. By contrast, in our model S’ (-) is decreasing in
the quantity and can have any shape. Allowing for any shape of S’ () will enable us to show
that the specific shape of the marginal surplus has an essential impact on the determination of
results. Before turning to that, we need to consider that, in line with Proposition 2, it might
be optimal to bunch some of the output levels. In our framework, this entails that sequential

screening is only partial, as we explain below.

8We show in Corollary 2 that the problem becomes trivial when the range of cost values is continuous.
Moreover, cost values depend on the distribution from which they are drawn because distributions are specified
by both mean and spread.
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4 Partial sequential screening

We previously mentioned that the main difficulty in solving our screening problem is the
identification of the binding incentive constraints. The first step consists in selecting the
downward incentive constraints, whereby more efficient types are not tempted to pretend to be
less efficient. The efficiency of a given type depends on its expected total cost of production.
That is, the lower the expected total cost is for some given production level defined by P, the

more efficient the type is. To express the expected total cost for a given production level, we let
1
=3
and the expected wedge between production levels when the output profile is {y (—1),y (1)}.

(y(=1)+y (1)) and r = 3(y (—1) — y (1)) be, respectively, the expected production level

Then, the expected total cost is given by 6q — or; thus it increases with 6 and, when r > 0,
it decreases with o. The reason why P is better off with cost distributions characterized by a
high spread is that, when facing more uncertainty in the contracting stage, P benefits from
an option value if she requires greater production for low cost realizations than for high cost
realizations (y (—1) > y (1)) . Therefore, a type with lower expected cost and/or higher spread
is more efficient than other types. This leads to the following type ordering;:

LH > LL>HH > HL ()

when Af > Ao, and to:
LH > HH > LL > HL 3)

otherwise. Whereas LH and H L are unequivocally the best and the worst type, the order of
intermediate types LL and HH depends on how important the degree of private information
about the expected cost is relative to the degree about private information about the spread.
Considering now the real cost values, there are more than two possible orderings, depending
on whether or not there exist types ij and ¢'j' such that 6; + 0, < 6§ — o ;. This is an important
point because, when the previous inequality holds, countervailing incentives arise and P prefers
to not screen type ¢'j" in the second stage, in the same vein as in benchmark (1'). There are two
cases of partial sequential screening. One concerns type H L only; the other concerns both type
HL and type HH. To avoid redundancy with little additional insight, we restrict attention to

the latter, more interesting case.

Proposition 3 If0,+0; < 0y —0oj Vj,j', then type Hj' is assigned the same production level
yuy (€) = yn, Vj', Ve.

To explain this result, it is first useful to present the solution to the problem of P. The

quantities are specified as follows:
S"(yrm (¢))
S'(yre (€))

14
S'(yn) = 9H+1

0 +coy, Ve

1 _
0, +co, — —FeAo, Ve
1

Af.
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The information rents are given by I,y = Aorpp + Abyg, I, = AQyg and gy =gy = 0.
In line with Proposition 2, bunching of quantities is induced within some distributions, which
are here HH and H L. In addition, Proposition 3 shows that bunching is also induced between
those two distributions. Interestingly, whereas bunching within distributions is due to the
presence of countervailing incentives, bunching between distributions is of a different nature.
It is a way of limiting distortions that are not helpful for P to fine-tune rent extraction. To
see this, consider that, once P decides to offer types HH and H L the output levels ygg and
YL, set independently of the shock realization to prevent coordinated lies between stages, the
expected total costs are simply Ogygy and Ogygr. By mimicking any of the two types HH
and HL, type LL is able to benefit from information about 6 only. If P decreases ygg below
ymr to contain the rent that type LL receives for not claiming H H, then it becomes more
convenient for type LL to claim HL. Similarly, if P decreases yg below yyy to contain the
rent that type LL obtains for not claiming H L, then it becomes more convenient for type LL
to claim H H. Therefore, decreasing any of the two quantities ygg and yy; below the other is
not a successful strategy to limit agency costs. The best for P is to require types HH and HL
to deliver the same amount of the good (ypm = yur = yu) -

The general characteristics of the optimal contract are indicative of what one should expect
in terms of cost overruns, provided that overruns can only follow an understatement of § and/or

of o.

Corollary 1 Under Proposition 3, no rent is conceded to prevent understatement of 0. A rent
designed to prevent understatement of o is conceded only to type LH, which has incentives to

mimic type LL.

Therefore, the incentives to lie that would lead to cost overruns are related to an under-
statement of the spread but not of the expected cost. This result does not look surprising,
if it is considered that a oy —type is efficient in the second information dimension whereas a
O —type is inefficient in the first information dimension. Less intuitive is probably the fact
that concerns about an understatement of the spread arise only when P faces an agent with low
expected cost. In light of Proposition 3, the reason for this is that type LH would have little
to gain from an exaggeration of § when 0y —types are required to deliver the same amount of
the good.

Bunching of quantities within distributions would be induced if the shock were drawn from

a continuous interval rather than from a binary set.
Corollary 2 Ife € [-1,1], then for all ij # LH : y;; (¢) = ysj, Ve.

This entails that, with a continuous support, screening would no longer take place in two
stages and P would face a static incentive problem. Actually, this is what motivates us to focus

on a discrete support for the development of our analysis.
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5 Full sequential screening

We now turn to consider situations in which 6, + ¢; > 0y — o Vj,j’. Then, the agent
would have no convenience to lie again in the second stage, after lying in the first stage, so

that the incentive constraints are reformulated as:
ICZZJ/]I : Hij > Hi/]‘/ + (92/ - 92) qirjr — (O'j - Uj/)’f’i/j/, V’Lj, ’ilj, eT.

The screening problem is now fully sequential and it is more complicated to identify the binding
incentive constraints. We proceed as follows. As usual in mechanism design, we first consider
a reduced problem in which upward incentive constraints, whereby less efficient types are
unwilling to pretend to be more efficient, are omitted. The conditions under which the solution
to that reduced problem is also a solution to the general problem are stated in the following

lemma.

Lemma 1 With 0;+e0; < 0y + €0y, Vij,i'j', e, the solution to the reduced problem including
the downward incentive constraints is also a solution to T if the production levels other than

yru (1) and yyr (1) are such that y;; (€) > yyj (€), whereas ypu (1) and yuy (1) are such that:
qru = qur and rog > ryr. (4)

Proceeding as in static agency problems (Baron and Myerson [5]) and in sequential screening
problems (Courty and Li [9]), to find the solution we first assume that the profile of optimal
quantities respects the first-best order. The lemma shows that this quantity order involves as
usual that upward incentive constraints are implied by downward incentive constraints. When
we characterize the contract, we will show that the solution of the reduced problem is such
that the conditions in the lemma are satisfied. The exception in the lemma that yg, (1) and
yrm (1) can take any order is due to opposite effects that a change in the quantity associated
with a bad shock has on incentives to misrepresent the two information dimensions. Hence, we
do not require that yy ., (1) < yrm (1) because it has no implication for the lemma. Conditions
(4) are implied by the incentive constraints included in the reduced problem.

It is essential to point out that looking at a reduced problem that includes the sole down-
ward incentive constraints is not all. Actually, there are different possible combinations of
binding incentive constraints, reflecting the fact that it might be optimal to induce bunching.
Accordingly, two classes of solutions are identified (corresponding to two classes of reduced

problems), depending on whether bunching or full separation entails at optimum.

Lemma 2 3§ > 1 such that, if A0 > §Ao, then the solution is such that ygu (€) = yur (€),
Ve. If AO < Ao, then the solution is such that yrr (¢) = yur (€), Ve.

Bunching of quantities between distributions has a similar explanation as in Proposition 3.

Indeed, it arises as a way of limiting distortions that do not help P contain information rents,
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rather than reflecting binding monotonicity conditions as in the presence of countervailing in-
centives. When Af > Ao, types HH and HL are treated as being one type to discourage
type LL from exaggerating 8. When Af < Ao, instead, types LL and H L are treated as being
one type to discourage type HH from understating o. In either case, the agent’s incentive to
cheat is eliminated by bunching quantities with respect to the information dimension that is
less important, namely ¢ in the former case and 6 in the latter. However, unlike in Propo-
sition 3, P screens the agent in two stages. Therefore, quantities are equal two by two only,
namely ygp (—1) = ygr (—1) and yug (1) = yur (1), and the solution is separating within the
distributions. It is noteworthy that bunching of quantities as a way of limiting unnecessary
distortions is unusual not only in sequential screening problems (as previously mentioned), but
also in multidimensional settings. As an illustration, Armstrong [2] considers a setting with
private information about both the cost and the demand faced by the agent and shows that,
because there is only one instrument (the output level) to screen two information dimensions,
bunching is induced to ensure the monotonicity of the output profile, in the same vein as in

the literature on countervailing incentives.

Once it is understood that there are distinct classes of solutions to the reduced problem,
depending on whether bunching or full separation entails at optimum, it might look natural
to turn to the characterization of the various admissible solutions. However, identifying the
combination of binding incentive constraints for each of the reduced problems is a complex task
in that, unlike in sequential screening models, neither (2) nor (3) respects a specific stochastic
order. Moreover, at odds with Armstrong and Rochet [3], ¢;; and 7;; cannot be viewed as the
volumes of two distinct activities in that they rather represent two interdependent decision
variables pertaining to one distribution. In this context, each reduced problem may admit
multiple combinations of binding incentive constraints.

In light of the foregoing, instead of plunging directly into a tedious characterization of the
solution, it is more instructive to identify what exactly determines the agent’s incentives that
are relevant for P and, more specifically, to which information dimension they are related.
As will soon become apparent, this will be key to conveniently narrowing the set of incentive
constraints to be considered when looking at specific applications. To that end, the properties
of concave/convex functions can be used to pinpoint the relationship between the preferences of
the principal for the good and the relevant incentives of the agent to misrepresent information.

Denote the inverse function of S’ (-) as f (+) . Also denote S’ (y;; (—1)) = a;; and S’ (i (1)) =
@5, Vij, with reference to the solution to the reduced problem. Then, the following equivalences

hold for x = Qyrjr — Qg

fla) = flagy) = f (@) — f(@y)
& (flayy) — flay +2) = (f (@) — f @y + ) > f (@ +x) — f(aw)
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and

f(Qij) - f(Qi'j') > f@wy) — f (@)
& (flay) — flay +2) = ((f@y) — @y +2) > f(@ny + ) — f (@) .

These inequalities are just equivalent formulations of the inequalities r;; > ry;; and g¢;; > gy

at the solution to the problem. By considering the relationship between each of the differences

(f(Qij) —f(Qij“‘x)) —(f (aij> —f (az‘j +)) and (f(Qij) —f(Qij"'I)) - ((f(ai’j’) — f(@iyr +x)) on
one side, and the degree of concavity/convexity of S’ () on the other, one can verify whether

those inequalities hold or they are violated for different values of 5™ (-) . To that end, we define:

C(z1,22,2) = (f(z1) = f(z1+ 1) — (f (22) — f(22+2)), Vz1,20,, 21 < 22, >0

so that we can reformulate the equivalences listed above as:

fla;) — flayy) = f(@;)— f(@y) (5)

& (ay, @ijapp — a;;) > f(@5 + ayy — ay;) — f(awy)
and

f(Qij) - f(Qi'j') > f(ai’j’) —f (aij) (6)

< (g, Gy, @y — ai5) 2 [y + agy — ag) — f (@)
and then state the following lemma.

Lemma 3 C(’ZhZ?ax) >0 Zf S () > 01 C(Zla'zZ?‘r) =0 Zf S () = 07 <(217227I) <0 Zf
S () <0,

This result is useful to verify how tight the different incentive constraints are, and hence
to identify those that are slack in the problem, depending on the curvature of S’ (-), which is
expressed by the value of { (+,-,-). By comparing how tight the incentive constraints are for

different degrees of concavity/convexity of S (), we draw the following result.

Proposition 4 Assume that the conditions in Lemma 1 hold. At the solution to T, as ¢ (-, -, ")
increases, the information rent accruing to the agent is increasingly more related to the possi-

bility of misrepresenting higher-order types relative to lower-order types.

Unlike in the benchmarks, the combination of binding incentive constraints depends on
the preferences of the principal for the good. This result is unusual in sequential screening
problems but similar in nature to the finding of the consumption theory under uncertainty.
Specifically, in consumption models, the trade-off between consumption and savings faced by
an individual who takes the decision in conditions of uncertainty depends on the shape of the

individual’s marginal utility function. In our screening model, the characteristics of the optimal
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delegation contract depend on the shape of the principal’s marginal surplus function, provided
that the unit production cost is unknown at the time when the contract is drawn up. The exact
implications of this result are stated in the corollaries below, whereas further considerations in

light of the consumption models are left for a later discussion.

Corollary 3 Under Proposition 4, as ¢ (-, +,-) increases, the principal’s concerns are increas-
ingly more related with the possibility of the agent misrepresenting o rather than 6 when

A6 > Ao, and with the possibility of the agent misrepresenting 6 rather than o when Af < Ac.

There is no solution where screening reduces to a unidimensional screening problem. Not
surprisingly, both 6 and ¢ should be reported by the agent. What one can say is whether the
principal should be more concerned with the possibility that the mean value is misrepresented,
or the spread. The corollary shows that the "concerns" of the principal actually depend on her
own preferences. Specifically, as the proof in Appendix C.4 shows, when A0 > Ao, as ( (-, -, )
increases, ICHH becomes tighter than ICHF, ICEH and ICEL both become tighter than TCHE,
and ICF% becomes tighter than IC'FH . This transition reflects an increasing concern of P with
the possibility of the agent misrepresenting ¢ rather than §. When A0 < Aoc, as ¢ (-,-,")
takes higher values, ICHH becomes tighter relative to both ICLL and ICEE | which reflects an
increasing concern with the possibility that the agent is misrepresenting 6 rather than o. This
is tantamount to saying that when S’ () shifts from concave to convex the incentive constraints

related to adjacent types are more likely to be binding.

Corollary 4 Under Proposition 4, local incentive constraints imply global incentive constraints

if and only if C (-, -,-) is positive and sufficiently high.

It is interesting to compare this result with the studies on sequential screening. When S’ (-)
is sufficiently convex, each of the two type orderings plays a similar role in our setting to the
stochastic ordering in those studies. Then, the can focus on the local incentive constraints
only. This is not true otherwise, particularly when the marginal surplus is linear, as is usually
assumed in sequential screening problems.

Let us now return to the possibility of observing cost overruns and to the incentives in
which they are rooted. As in the case of partial sequential screening, it turns out that cost
overruns only mirror incentives to understate o, whereas concerns about misrepresentation of

0 are negligible.

Corollary 5 Under Proposition 4, a rent designed to prevent understatement of 0 is conceded
only to type HH, which has incentives to understate both 6 and o (to pretend LL). That rent
accrues only when A0 < Ao and it is equal to that conceded to type HH to not understate o
only (to not pretend HL).
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6 A characterization of the optimal contract under full

sequential screening

We now illustrate what the optimal contract looks like in the trickier case to solve, that
in which A8 > Ac. Albeit the characterization of the solution is rather lengthy, it helps us
clarify how useful it is to refer to the relationship between the principal’s preferences and the
agent’s incentives to identify the constraints that are binding at optimum, as previously stated
in Proposition 4. The mathematical development is reported in Appendix D.

When the type order in (2) applies, the information rents are expressed as follows:

Oy, = 0 (7a)
HHH = AO’THL (7b)
Oy = Pl +(1—F)ne (7c)
g = gy +7: [BUrae + (1= 8) Uowps] + v3llma, (7d)
where:

Oy = Abqgr and i = Abqgy — Ao (rgg — i) (8)

together with:
HUrgy = Abqun + Aorgr, ppe = Abgup + Aorpr, 9)

Oigs = AbOqup + Aorgr — Ao (rgy —rpp) and Hpga = Aquy + Aorgy,

3
where 8 € [0,1], 7, € [0,1] and Y 7, = 1.

Identifying the exact dovvrwva;;l1 incentive constraints that are relevant for the solution to I'
- thus, the exact information rents to be conceded - is tantamount to identifying the values of
the parameters § and v,, Vz € {1,2,3}. If only local incentive constraints were relevant, then
only the case where 5 = 0 and 7, = 1 would have to be considered. Using the expressions of
the information rents listed above and focusing on the case in which the optimal output profile

is fully separating, we identify the solution to a first reduced problem, denoted I".

Quantity solution to the reduced problem T”. For the solution to I, for all ¢, type LH
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produces the first-best quantity y; 4 () ; for the other types quantities are such that:

Sy (5)) = Op+con — g ; hono (10)

S'(yun () = O +eop (11)
— { {71 +(1-8) <72+ 1“})} AG+(1-5) <72+ 1“u) eAa}

S'(ynr (e)) = Ou+eop (12)
+fyy { [B + (728 +73) 1;”] Af — [1 =B+ (1—vy,0) 1;” EAU} :

The quantity solution above does not satisfy the incentive constraints in I' when A8 > §Ao,

where:

Lt (u—B) (1 + i)
5= . (13)
1—v—Q1-5) (72"‘&)‘

A second reduced problem, denoted I, must be considered, which is solved by requiring types

HL and HH to produce the same output: ygz, (¢) = yug (€), Ve.

Quantity solution to the reduced problem T'. For the solution to I'”, for all e, types LH
and LL produce the first-best quantities vy 5 (¢) and y}, (¢); for the other types, quantities

are such that:

yur () = yum(€)

S (©) = O+ 2on + = V)”(l A 11‘];”5Aa, (14)
Resting on these solutions, and defining:
Af+ A
G = ﬁ (f @nr) = f(@nn)) = [f @nr) — f @+ ay — agy)] (15)
en = [(@ur+ay, —agy) — f(@un) (16)
er = flawe+ayg —apy) — f(ann), (17)

we can identify the essential features of the optimal contract.

Proposition 5 Assume that y;; (—1) > vyi; (1), Vij, and that A§ > Ac.
(1) If AG < 0Ao, then the solution to I' satisfying the conditions in Lemma 1 is such that:

o 3 =1 when ((agm, aur, apy, — agp) < Ci;
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e v;=1and v, =7, =0 when ( (agy, AL, Ay — agg) < €, where eg < 0;
e v3=0,7, >0, v >0 when ((ayy, @ur, agr, — ayp) > €H;
o v3=7=0,v,=1when ((a,;, L, 0y — arp) > €1, where g, > 0.

(1) If A > 6Ao, then the solution to T' that satisfies the conditions in Lemma 1 is such
that:

o v, =1 when ((ar;,Gun,ann — app) < €r, where e, < 0;
o v, =1 when ¢ (a;.,ann,any — arr) > €, where e, > 0.

Proposition 5 confirms that the general problem can be replaced by an appropriate relaxed
problem, which indicates that the methodology adopted to solve multidimensional screening

problems with a discrete number of types also applies to sequential screening problems.

Corollary 6 Information rents and production levels in Proposition 5 reflect:

(a) incentives of type LL to overstate 8 N( (-,-,-), and to overstate o if and only if:

Clapm @ur, agr — agy) > G (18)

when (13) holds, and ¥¢ (-, -,-) otherwise;
(b) incentives of type LH to overstate 0 if and only if:

C(QLLaaLLnQLL - QHL) < €L (19)

and to understate o if and only if:

¢(arp,arr, app — app) = €, (20)

when (13) holds, and if and only if:

Clapr,@rr,app — agr) > €L
otherwise.

This corollary is an application of the result contained in Proposition 4 that as ¢ (-,-,)
takes higher values, the information rents are more closely related to the possibility of o
being misrepresented instead of 6. In particular, exaggeration of the expected cost by a low-
expected-cost high-spread agent is not an issue for P when S’ (-) is sufficiently convex ((19)
violated). In that situation, indeed, P prefers to set more dispersed production levels for each
cost distribution. With this output profile, an understatement of ¢ becomes more worrisome

than an overstatement of 6.
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In Proposition 5, it is also interesting to identify the ranges of values of ¢ (-, -, -) over which
local incentive constraints imply global incentive constraints, as is usually the case in sequential

screening frameworks.

Corollary 7 The optimal contract reflects the circumstance that local incentive constraints

imply global incentive constraints if and only if:

Clagy, @rr, agy — agy) > G

together with.:

C(apr: Grm, agm — apy) > €L
for 8=0 and vy, = 1.

The solution does not reduce to that of a sequential screening problem with a single piece of
information (Riordan and Sappington [33] and Courty and Li [9]) even when S’ (+) is sufficiently
convex. However, some similarities are detected. When S’ (+) is sufficiently convex, only the
highest-order type is assigned the first-best trade volume for each possible realization of the
unknown variable. The middle-order types LL and HH represent an attractive lie for some
higher-order type and are both assigned distorted productions. When S’ (+) is little convex or
concave instead, this occurs for one such type only (either LL or HH) because in that case
type LH is more attracted by a nonadjacent type.

To complete the characterization of the contract, we have to verify that the quantity solution
to I or to I'” satisfies the conditions in Lemma 1, so that it also solves the general problem.

We will use the following definitions:

ern = f(aim +ayy —apy) — f(@ur)

etp = f@ur+ay, —apy) — f(@n)
Proposition 6 For the solution to I or to I'", r;; > 0 Vij, if:

oy 1

0L<1—u(1—y)' (21)

The solution to T" or to T satisfies the quantity ranking in Lemma 1. The conditions in (4)
are satisfied in both T' and T if and only if

Clapm: . apg — ary) = €Ln (22)

and
Capw Qur, agy — apy) > oy (23)
forB=~3=1

When (21) is violated, the output levels are bunched within at least one distribution and
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sequential screening only concerns the other distributions. Under (22) or (23), the general
problem is replaced by IV or I', respectively, unless the marginal surplus is very concave. If
such relevant condition were violated, then it would be necessary to consider another reduced
problem for the situation in which S’ (+) is very concave. In the new reduced problem, one would
need to impose that qrg = gy or Ty = ryr So as to satisfy the first or the second condition
in (4) violated in IV or I'”. Provided that 1y < ey and €/ ;; < g, this case only applies when

S’ (+) is very concave. Furthermore, it has no implications on the results in Proposition 5.

7 More than four distributions

We now consider a setting in which the principal faces more than four possible distributions
of the unit cost and investigate whether there is any change in the agent’s incentives, and
hence in the contractual choice, in this more general setting. For instance, we would like to
figure out whether type LH is more attracted by type LL or, rather, by a type with lower
6 and/or lower o; by type HH or a type with higher § and/or higher o; by type HL or a
type with higher 6 and/or lower 0. We saw that in the four-type setting complications follow
from the possibility of each of the two information dimensions being misrepresented in either
direction. We will now explore whether complications might also be determined by the extent to
which each information dimension can be misrepresented. We provide monotonicity conditions
under which the additional incentive constraints whereby "more distant" types are unattractive
reports are not binding in the generalized setting.

Assume that there are more than four types and that, for any triplet of types indexed by
he{1,2,3}, it is:

01 <0y <03

and either

012> 09 2 03

or

o1 < 0 < 03,

together with either 6, —60,_1 > o), — o1 or 0, — 0,1 < o), —0op_1, Vh € {2,3}. In either case,
it is possible to have type h — 1 more efficient than type h. The incentives of type 1 to mimic
type 2 are weakly stronger than its incentives to mimic type 3. When 6, — 0,1 < 0}, — o051
and type h + 1 is potentially more efficient than type h, the incentives of type 3 to mimic type
2 are weakly stronger than its incentives to mimic type 1.

Resting on this result, one can say that, in a richer framework with more than four possible
distributions, if the extent of private information about one dimension is monotonic relative
to that about the other, then for type LH the report LL is more attractive than any report
including higher 6 and/or lower o, the report H H is more attractive than any report including

higher # and/or higher o, and so on. This reasoning applies to all possible "downward" lies
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identified according to type orderings (2) and (3).
As an illustration, assume that there are four possible groups of four distributions ij, where
i,j€{1,2,3,4} :

{14,13, 24, 23}, {12, 11, 22, 21}, {34, 33, 44, 43}, {32, 31, 42, 41}.

Denote §; and o the parameters of distribution ¢j, such that ¢; > 6,_, and o; > o;_, fori,j €
{2,3,4} . The distributions in each group display the characteristics of the four distributions
considered in our model. As compared to the distributions in the first group, those in the
other three groups are such that either the spread takes a lower value (namely, o; and o9
rather than o3 and o4) or the expected cost takes a higher value (namely, 63 and 64 rather
than 6; and 65), or both. With these characteristics of the distributions, not only can the agent
misrepresent either one or both parameters. He can also misrepresent the two parameters to
different extents. However, according to the result previously obtained, if the differences in #'s
are monotonic relative to the differences in ¢’s, then only "local" lies about either parameter
may be an issue. It follows that for the first three types in each group the incentives to mimic
types belonging to other groups are weaker than the incentives to mimic types belonging to
their own group. For instance, for type 14 the report 13 is more attractive than 12 or 11, the
report 24 is more attractive than 34 or 44, the report 23 is more attractive than any of the
reports 22, 21, 33, 43, 32, 31, 42 and 41.

As a conclusion, when more than four distributions are possible and the extent of private
information about one parameter is monotonic relative to that about the other, the core diffi-
culty in the identification of the binding incentive constraints is still related to the possibility
of the agent camouflaging each of the two parameters in either direction. The exact extent to

which camouflage can be done has no bite in that respect.

8 On the relationship between preferences and incen-

tives

A fundamental prediction of our analysis is that in the agency relationships of the kind here
considered there is a strong nexus between the characteristics of the optimal contract and the
principal’s preferences for the good delivered by the agent. To understand the reach of this

result, it is useful to consider two alternative interpretations.

8.1 The principal as a consumer taking decisions under uncertainty

The first interpretation, which we previously mentioned, rests on the theoretical studies
about consumption decisions under uncertainty (see Leland [27] for a by-now classical contri-
bution; for more recent work, see Menegatti [30], for instance). According to those studies, an

individual whose marginal utility is (weakly) convex with respect to consumption is prudent
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and engages in precautionary saving in order to avoid facing a low consumption in the future.
As an alternative definition, used by Eeckhoudt and Schlesinger [13], a prudent individual
prefers a lottery yielding higher possible values of the random outcome, €, at a higher certain
cost of k over a lottery yielding lower possible values of the random outcome, € — k, at no cost
(see Definition 1, p.282).% This entails that the certain negative event (—k) is separated from
the random outcome (£) so as to reduce the risk of facing undesirable outcomes.

In light of our results, the preference for the first of the two lotteries aforementioned admits
a broader interpretation. Instead of a preference for separating the certain negative event from
the random outcome, one can read it as a preference for incurring a higher certain cost against
the possibility of facing a better outcome in any possible event. To see this, suppose that in our
setting P can choose between two lotteries under incomplete information about the expected
cost. One such lottery yields the outcome (y » 7,) - an output profile - and entails an expected
cost of Ry - an information rent -, the other lottery yields (g2,§2) with expected cost of Ry,
and the two lotteries are such that y LY, and y; > ¥, together with R; > R,. This involves
that P must choose between a lottery that grants higher possible outcomes (y , and 7,) at a
higher certain cost (R;) and a lottery that grants lower possible outcomes (y, and 7,) at a lower
certain cost (Rg). When S’ is sufficiently convex, P prefers the former lottery to the latter. In
other words, she is eager to incur a higher certain cost against the possibility of facing a better
outcome in any possible event, consistent with the re-interpretation of the lottery preference
in Eeckhoudt and Schlesinger [13] suggested above.

Next suppose that P can choose between two lotteries under incomplete information about
the spread of the cost. Using the same notation as above, the outcomes of the lotteries are now
such that y, >y, and y; <7,, whereas the costs are such that R, > R,. Reading our results as
the preference for a certain lottery against some given alternative, we can say that the lottery
{(g LY Rl} becomes more attractive to P than the lottery {(gZ.,yQ); Rg} as the marginal
surplus becomes more convex. That is, P becomes more eager to incur a higher certain cost
against the possibility of facing a better outcome when a good event occurs (i.e., consuming
more when the shock is good), although this also involves facing a worse outcome when the
bad event occurs (i.e., consuming less when the shock is bad), rather than incurring a lower
certain cost associated with more similar outcomes. Therefore, not only does a more convex
marginal surplus mirror a stronger preference for a higher expected outcome. It also involves
a preference for enjoying high outcomes when favorable events are realized, although this is
associated with accepting low outcomes when events are unfavorable.

Admitting now private information about both the expected cost and the spread of the
cost, as in our screening problem, the lottery preferences of P display both of the patterns just
described as S" increases. Therefore, the contractual solution reflects a double choice, namely
a choice between a "less risky" lottery and "riskier" lottery, in the same vein as in Consumption

theory, and a choice between two lotteries that are both "less risky" than the "riskier" one.

9The authors acknowledge that the equivalence between the lottery preference they refer to and the (weak)
convexity of the marginal utility is shown by Bigelow and Menezes (1995).
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The preference for one of the less risky lotteries over the other is determined by how great the
extent of information about the expected cost is relative to extent of information about the
spread. This is what Corollary 6 above determines.

Interestingly, the comparison with Consumption theory serves to highlight the benefit of
screening the agent in two subsequent stages rather than in the contracting stage only. Suppose
for a moment that P does not screen the agent sequentially and sets the same output regardless
of the shock for each cost distribution. This can be regarded as a "certain outcome," and the
benefit of sequential screening can be derived as the gain that P obtains by moving away from
that outcome and conditioning the output level on the shock that will determine the final cost.
Let y;; be the inflexible output rule and R’ the expected rent under static screening. Also define
Yij (€) = Yij + n;; (€) the shock-contingent output under sequential screening. The "flexibility
gain" to P is given by:

ZEU [Be [S@ij + mi; (2)) — (i + e03) Gy + 135 ()] — (S@ig) — 0iy)] — (R—R').

The fact that it is optimal for P to screen in two stages involves that this expression is positive.
Therefore, sequential screening grants an option value to P, which consists in the possibility of
adjusting the future production according to the cost realization. The derivative of the above
expression with respect to 7;, namely Eq; {E. [S"(7i; + 1y (€))] — S'(5i)} — d% (R—R'), is
higher the higher S”. Under this condition, adding the state-contingent component 7;; (¢) to
the non-sequential outcome ¥;; increases the expected marginal surplus of P, and hence the
flexibility gain she obtains by screening the agent in two stages. In substance, sequential

screening is more beneficial to P the higher S” is.

8.2 The principal as a regulator taking decisions according to the

price-elasticity of demand

The relationship between P and the agent can also be regarded as one between a regulator
and a privately informed monopolist supplying a good (or service) to society. The regulator
collects revenues in the market and pay transfers to the firm as a compensation for its pro-
duction. The objective of the regulator is to maximize the expected consumer surplus net of
the compensation to the firm. In this context, the marginal surplus function is the inverse
demand function, which expresses the consumer willingness to pay for any given consumption
level. A shift from concavity to convexity of S’ (-) corresponds to a shift from less to more
elastic demand. When the demand is little elastic, an increase in the price triggers a limited
reduction in the demand for the good. The regulator can afford significant quantity distortions
for rent-extraction purposes. When the demand is more elastic, an increase in the price trig-
gers greater demand reductions. The regulator can afford smaller quantity distortions and is
amenable to concede higher rents to eliminate the firm’s incentives to camouflage information.

As a simple illustration, consider the surplus function S (y) = ky — y°*!/ (e + 1), where
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k,e > 0. The marginal surplus S’ (y) = k — y° is strictly concave in y if e > 1, linear if
e = 1, and strictly convex if e < 1. S'(y) = p(y) is the market demand and e measures
the elasticity of the latter to price. A shift from concavity to convexity of S’ represents a
shift from less to more price-elastic demand. Using the expression of the first-best quan-
tity of type i'j’, namely yj. (¢) = (k — 0y + eaj/)% , Ve € {—1;1}, we see that the expected

1
e

quantity ¢j, = 3 [(k — 0y + (rj/)% +(k—0y —oy) } and the expected quantity difference

Thi =3 [(k — 0y + crj/)é —(k—0y — Jj/)%} are both inversely related to e. Indeed:
gy 1\’ 1 1

= (5 {(k—ei,+aj/)e1n(k—9i/+aj/)+(k—a,.l—aj/)eln(k-—ei/—aj/)} <0
dri 1\° 1 1

> [(k—ei,+aj,)e1n(k—9i/+gj,)—(k—ei,—aj,)eln(k—ei,—aj,)} <0.

Knowing from the formulation of I CZJ/J " that the incentives of type ij to announce 7’'j’ depend
on Afgy; and Aoryj, this is suggestive of the decisions that P will make for the optimal
incentive provision under incomplete information. When the market demand is more elastic to
price, she will want to secure more consumption in each state and, in particular, in the good
state relative to the bad state. Hence, she will be more reticent to distort gj and/or i to
contain the information rents to be given up to prevent a false claim 4’5’

The correspondence between the curvature of the marginal surplus function and the price-
elasticity of market demand suggests a way of making functional use of the insights of our
study along the current regulatory practice. It is well known that, when regulators have only
a vague knowledge of the market demand, they rest widely on elasticity estimates, which can
be formed with reasonable accuracy in spite of the poor available information on demand
conditions. In regulatory contexts in which the information structure is akin to that here
considered, the regulator could use elasticity estimates to identify the relevant information

rents and set output accordingly.

9 Conclusion

We studied a multi-dimensional and sequential screening problem in which in the contract-
ing stage the principal faces four possible distributions of cost values, two with equal expected
costs but different spreads, the other two with different expected costs but equal spreads. We
found that the features of the optimal contract are driven essentially by the relationship between
the principal’s preferences for consumption of the good and the agent’s incentive constraints
that are binding at optimum. When looking at specific applications, a clear understanding of
that relationship is extremely useful in that it enables one to narrow the number of constraints
to be accounted for in the identification of the solution. The characterization of the optimal
contract we provided for one possible type ordering illustrates how lengthy and intricate the

exercise is if that relationship is not considered.
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Our analysis highlights that the only situation in which local incentive constraints imply
global incentive constraints, as in sequential screening models with one information dimension,
is that in which the principal’s marginal surplus is sufficiently convex in quantity. That is the
situation in which the principal obtains the highest "flexibility gain" from adjusting output
levels to future cost realizations rather than adopting an inflexible output rule. Re-interpreting
the contractual choice as a preference over lotteries as in Consumption theory, one can think of
the principal as preferring a lottery yielding more efficient outcomes at a higher agency cost over
a lottery yielding less efficient outcomes at a lower agency cost. Whereas this re-interpretation
appears to fit in with any screening problem, the interesting aspect here is that the preference
for a particular lottery corresponds to a particular combination of incentive constraints binding
at optimum.

Extending the analysis to allow for a greater number of cost distributions, we found that
the relevant incentives to misrepresent information are still of the same nature as in the four-
distribution scenario. This is because what really matters in the determination of the solution
to our two-dimensional screening problem is the possibility of the agent lying on either piece
of information and in either direction, rather than the extent to which the reported values can
diverge from the real values. Therefore, our results carry over naturally in the more general
setting.

Our investigation was inspired by situations in which public activities are delegated to
firms that might have incentives to manipulate forecasts of initially unknown variables wis-a-
vis public authorities. In practice, such activities are now typically awarded to firms by means
of tendering procedures. To account for this, we might consider an auction mechanism rather
than looking at an incentive contract. However, our choice was not reductive. The insights
of our work would not change in that environment because in our model, as in Riordan and
Sappington [33], there would be separability between the number of bidders and contractual
allocation. Moreover, while we focused on a full-commitment framework, the delegation of
public activities sometimes occurs in limited-commitment environments in which firms might
camouflage forecasts in the contracting stage in view of a later renegotiation. To eliminate the
perspective of contractual renegotiation, hence incentives to strategic misrepresentation related
to that, one can think of the principal as being able to credibly engage in the future enforcement
in the presence of credible institutions, and of the agent as being motivated to comply with the
contract in the presence of cancellation fees or ex post participation constraints.'® Contract
design under ez post participation constraints is analyzed by Spulber [34] and Chen and Smith
[7] in a setting in which the firm has private information on distribution parameters involving
the cost in the contracting stage, but the cost realization is publicly observed in a later stage.
Because it is natural that the firm observes privately not only the distribution parameters but
also the cost realization, our findings suggest that the impact of ez post participation constraints
on contractual design cannot be well understood without considering the relationship between

the principal’s preferences and relevant incentives. Exploring this problem is on our research

0For a discussion of commitment in continuing relationships, see Baron and Besanko [4].
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agenda.
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A Benchmarks

A.1 Proof of Proposition 2

This proof is similar to Proof B.1.1 of Proposition 3 here below, and hence it is omitted.

B Partial sequential screening and cost overruns

B.1 Proof of Proposition 3

We first prove that type i’ is assigned yi; (—1) = y»5» (1) . We then prove that for types
HH and HL it is also ygyg = yyL-
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B.1.1 Proof of yy; (¢) = yuj (€)

The incentive constraint whereby an agent of type ij is unwilling to claim ¢'j’, when he
anticipates that in the second stage he will report either the true shock e or the false shock &,
is written as:

I = % max {Z [tirjr () — (0i +€0j) yiryr (€)] 5 Z [ty (€) — (0 + €05) yaryr (g)}} : (24)

€ €

‘We have:

3 2 6 9= 40 i () = 5 3 (e () 4 0o =61+ o = o)l )

€

together with:
5 Z [ty () — (0; + £05) yiryr (€) Z {mirje (€) + [0 +E0j — (0; +€0))] yiry (£}

If the former amount is at least as great as the latter, then [ Cf]/-j / implies (24). This is the case
if and only if:

5 3 ey (€)= oy ) (25)
2 5 D 00 = 0) (yoyr (£) = yiryr ) + (0 = 0;) ey () + €010y (B) = Eo s (B)].

The constraints ic;;z and ic;;. hold jointly only if:
(E =€) ojyuy (€) < mirjr (€) — miryr (€) < (€ — &) ojrryr (€)
which imply the following conditions:

Z (E—e)ojyuy (€) < Z mig (€) — Ty (€)] < Z (E—¢e)oyyiy (€).
€

€

Iy (€) , iy (€) satistying these conditions together with (25) if and only if:

> oy —coj+ (05 — 0:)] (yiy (€) — yaryr (B) = 0. (26)

>

Provided that 0,40, < 0y —o0j, if € <, then it is necessary that yg; (¢) < yu; (€) . However,
the second-stage incentive constraints require that yg; (€) > ygj (€) . Hence ymj (€) = ymj (€) .
In the next proof we use the notation: y; () = yuy, Ve.

B.1.2 Proof of ygg = yur

Knowing that 0, +0; < 0y — o, hence Af > Ao, the type ordering is (2) and information
rents are written as (7a) - (7d). Using yu; () = ymy, Ve, rgr = rang = 0 and it is easy
to deduce that 7, = 1. Replacing this in the expressions of the rents, then replacing the
expressions of the rents in the objective function together with E. [(6; + 0;) vi;] = 0,vi;, the

31



objective function of P is rewritten as:

> By[B S (i (0) — O +eo)y O+ D BylS(yy) — iyl

ije{LL,LH} ije{HH,HL}
—vpA0 [Byar + (1= B) yau] — v(1 — p) [BAOygL + (1 — 8) AOyuy + Aorpr].

The first-order conditions with respect to yr. (¢), yun and yg; are given by:

1—p

S/(yLL (5)) = GL +eor — eAo

S'(ymn) = 6’H+%(1*5) <1+1ﬁN)A9

1_
S'(yur) = 9H+1” ﬁ(1+ “) A6.
— m

Hence, we can compute:

S/(yHH) — S’(yHL) = LMA@

First suppose that 8 > p. Then, S (yyu) < S'(yur) and yyy > yur. However, this implies
that 8 = 0, which leads to a contradiction. Next suppose that 8 < p. Then, S (yun) > S'(yuL)
and ygg < ygr. However, this implies that 5 = 1, which leads to a contradiction. We conclude

that § = p and ygy = yur.

B.2 Proof of Corollary 1

The fact that v, = 1 in the proof of Proposition 3 signifies that type LH is assigned a rent
for not pretending LL. Types HH and H L are bunched, hence no rent is assigned to type H H

for not pretending H L.

B.3 Proof of Corollary 2

In Proof B.1.1, for some ij and ¢'j’, it is impossible to have (26) satisfied as € — ¢.
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C Full sequential screening and cost overruns

The first-stage incentive constraints are written as follows:

11553
I
11553
115735
gy,
gy,
15571
11557
g
15295
152558
11555

VIVIVIVIVIVIVIVIVIVIVIV

Hpgr + Abqrr

HLH — A(T?"LH

Hpg + A0quy — Aorygy
My — Afqrp,

HHH — AUTHH

Opg — Abqra — Aorpy
Hpm + AOqun

Il + Aoy

gz + Abqrr + Aorgy,
g — Abqru

Iy + A(TT‘HL

HLL — AQQLL + AU’I’LL.

(IC1)
(1C2)
(IC3)
(1C4)
(IC5)
(1C6)
(IC7)
(IC8)
(1C9)
(IC10)
(IC11)
(IC12)

The downward constraints are (IC1), (IC7), (IC8), (IC9) and (IC11), together with (IC3) when
Af > Ao, and with (IC12) otherwise.

C.1 Proof of Lemma 1

C.1.1 The case of Al > Ao

We write all the information rents resulting if one downward incentive constraint of each
type except H L is binding, as a function of I1g . For type HH :

For type LL either:

or

Oupg =My + Aorgr.

Mppy =Upr + Abguy,

Hpre = Hpw + AOquy — Aorpn

= My + AOqur + A0 (qun — qur) — Ao (rugu — TaL) -

For type LH either:

gy = g+ Abgun
= Iy + Aorgr + Mgy + A0 (qur — qur)

or:

Mipe = I+ Aorpg
= Iy + AOqur + Aorpr + Ao (1o — L)

or:

Ormgs Hpr + Aorpg

(27)

(28)

(29)

(30)

(31)

(32)

Oyr 4+ AOqur + Aorgr + Ao (rp — rar) + A0 (guw — qur) — Ao (rup — TwL) -
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or:
Hppa =y + Aorgr + Abquy, (33)

At various stages, we will use the implication:
Yij (€) > yuy (€), Ye = AO(qij — qivjr) > Ao (1 — 1aj1), (34)
which is due to the fact that the latter inequality in (34) is equivalent to:
(A8 — Ad) (yi; (—1) — iy (1)) = (A0 + Ao) (yiry (1) — 35 (1))
Take H H as possible report.

Given (27), (IC5) holds if iy > ryyr, which is satisfied because yy gy (—1) > yur (—1) and
yu (1) < ymr (1).
Take LL as possible report.
Given (28), (IC4) holds if qr.;, > qu1,, which is satisfied because yrr, (¢) > yur () Ve; given
(29), it holds if
Al (qrr — quu) > Ao (rur — Tun) -

This condition holds if rgy > rgr, which is satisfied, and qr;, > qgg, which holds, in turn,
because yrr, (€) > yum (¢) Ve. Given (28), (IC12) holds if:

A (qrr — qur) > Ao (rpr —THL)
which is satisfied because yr1, (¢) > ymy (¢) Ve; given (29), it holds if:
A0 (qrr — qun) > Ao (rop —rum),

which is satisfied because yrr, () > yun () Ve.
Take LH as possible report.
Given (33), (IC6) holds if:

A0 (qrm — qur) = Ao (rar —rom),
which is satisfied when qpy > qgy together with vy > ryp; given (30), it holds if:
A0 (e — qun) > Ao (rgr —rom)

which is satisfied when qry > guy (which holds because yry (¢) > yuu (€) Ve) together with
T > Tar; given (31), it holds if:

A0 (qre — qur) > Ao (rop — o),

which is satisfied when qry > qur together with rpg > rpr, which holds because yrg (—1) >
yrr (—1) and yrg (1) < yrr (1); given (32), it holds if:

A0 (qre — qun) > —Ao (rog — o) — Ao (Puw — TaL)

which is satisfied if qrg > qug together with ry > rpp and with rgg > rgz, which are all
satisfied.
Given (33), (IC10) holds if g g > gur; given (30), it holds if gy > gmm, which is satisfied;

given (31), it holds if:
A0 (qru — qur) > Ao (rop — TaL) (35)
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which is ambiguous; and if
A0 (qru — quu) = Ao (rop — ram)

which is satisfied because rpg > 7y holds and yry (€) > yum () Ve. (35) was obtained from
(31) and (IC10). Recall that (31) corresponds to the situation where (IC3) is binding. Using
the binding (IC3) in (IC2), the latter implies (IC10) if:

A0 (qry — quu) > Ao (tog — TaH),

which is satisfied because yry (€) > yun () Ve.

Given (33) and using (IC1), (IC2) holds if r;y > ry1; given (30) and using (IC1), it holds
if rpg > rrr, which is satisfied; given either (31) or (32) formulated as Il 5 = I + Aorypy,
and using (IC1), it holds if rpy > rpr.

The conditions that are not implied by the quantity ranking in the lemma are g > rgp,
and ¢y > qur, as reported in (4).

C.1.2 The case of A8 < Ao

Because yr1, (¢) = yur (), Ve (Lemma 2), the information rents change as follows: I, =
HHL+A9(]HL for type LL, gy = HHL—FAUTHL for type HH, either HLH,I or HLH,Q = HLH,3 =
1,4 for type LH.

Take HH as possible report.

Given (27), (IC5) is satisfied if gy > rgr, which holds because yyg (—1) > yur (—1) and
yrm (1) <wygr (1). (IC3) is satisfied if:

Aorpgpg > A0quy + Aorgyr
=4

(Ao — A0) (yun (—1) = yur (=1)) 2 (Ao + A0) (yuu (1) — yur (1)) — A (yur (=1) — yur (1)),

which is satisfied as well because yyy (—1) > yur (—1) and yug (1) < yur (1).
Take LH as possible report.
Given (30), (IC2) is satisfied if:

Ao (row —rar) > A0 (qun — quL) -
Using gz, = rrr and qgr = qrr, this is rewritten as:
Ao (rpg —ron) > A0 (qur — qrr) -
Provided qry > qup, because yry (¢) > yun (€) Ve, the condition above is implied by:

Ao (TLH - TLL) Al (QLH - C]LL)

>
&
(Ao — A0) (yru (1) —yer (1)) > (A0 + Ao) (yom (1) —yrr (1)),

which is satisfied because yry (—1) > yrr (—1), yom (1) < yrr (1), and AP < Ao. Given (31),
(IC2) is satisfied if rpy > ryp. Given (30), (IC6) is satisfied if:

Al (qrg — qum) > Ao (rgr —rom),

which is satisfied if vy > ryp, provided gLy > gun because yry (€) > yuu (€) Ve; given (31),
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(IC6) is satisfied if:
A (qrg — qur) > Ao (rgr —om) ,

which is satisfied if g,z > qur and g > ryyr.

Given (30), (IC10) is satisfied if gry > qmm, which holds; given (31), (IC10) holds if
qrH 2 qHL-

The remaining conditions are rpy > ryr and gLy > qur, as reported in (4).

C.2 Proof of Lemma 2

C.2.1 Case Af > Ac and reduced problem I"

Let I be the reduced problem when Af > Acg and the quantity solution is fully separating.
Replacing Iy, = 0, the rents in (7a) - (7d) are obtained. Using (7a) - (7d), the objective
function in IV is written as:

> By [Be (S (w35 (€)) — (6 + £05) s ()] (36)
ijexr

—vp[BAOqyL + (1 = B) (Aorar + Aqug — Aorgp))

—(1—=v) (1 —p)Aoryy

—v(1 —p) {v, (Aorgr + Abgun)

+75 [BAOqu L, + (1 = B) (Aoryr + Abqun — Aorpp) + Aorpg)]

+’Y3 (AGCIHL + AO’?"HL)} .

From (36) the first-order conditions (10) - (12) are derived. From (11) and (12), we compute:
S"(ynn (€)) = S'(yne ()

B 1 1 (1-B)n
= EAOL (B u)(vﬁl_uﬂ M{l (V1 +72) + 728 |

First suppose that 1 — (7, + 7v,) + 728 — % > 0. Define:

L-B-w (n+)
1 =T,
(71 +72) + 728 —u

o= (37)

We see that ¢ > 0 and that, if A0 > ¢Ac, then S (yuw (¢)) < S'(yur (€)), Ve = yuu (g) >
yrr (€), Ve. Recall that 8 =1 if and only if:

A0(guu — qur) < Ao(rgu — THL),

which is equivalent to

(A0 + A0) (yur (1) —yun (1)) = (A0 = Ao) (yun (=1) — yur (=1)) (38)

As ygu (€) > yur (€), Ve, this condition is violated so that 5 = 0. However, provided it is also
~v5 = 0, this contradicts the hypothesis that 1 — (v, + v5) 4+ 728 — % > 0 because we then

have v, — 1fu:—ﬁ<0.
Next suppose that 1 — (v + 7v,) + 725 — % < 0 so that ¢ < 0. If A@ > —Ao¢, then
S (ygu (€)) > S'(yur (¢)) and so yuy () < yur (€), Ve. It follows that § = 1. However,

this contradicts the hypothesis that 1 — (7, +75) + 720 — % < 0 because then we have
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1*(71+V2)+72ﬁ*(11%6‘3“<0<:>71>1-

Overall, if A > |¢| Ao, then Ve the hypothesis that yuy (€) S yur (¢) at the solution to I’
leads to a contradiction.

C.2.2 Case Af < Ao and reduced problem I'"”

Let T be the reduced problem when Af < Ac. Using the downward constraints, the
information rents are written as:

Iy, = 0

11553 Adqur

Opr = PAorur +(1—B) (Abqur — Aqrp + Aorpr)

Y1 [BAorgL + (1 = ) (Abgur — Abqrr + Aorpr) + AOquw]
+’72 (AH(]HL + AUTLL) + Y3 (AHqHL + AO’T‘HL) .

My

Replacing these expressions into the objective function, quantities are such that:

L-p(=v) (1 =B A0+ v [1A0 = (7, +7,) eAd]

v

S"(yrr (€)) = Op+eop+

S (yur (€)) = 0y +eop — A
1—p (1 —v)[BeAo + (1 = B) Af] + v [(1 — Byy) A + (B, + 73) eAd]

I 1—v

We can compute:

S s €)= S e () = 2 1y 5+ =2 1= )+ L2 g
_ _,u|:71+72—6—V(671+73):|€A0'.
I 1—v

Clearly 147, — 8+ 152 (1 — g) + A0 — o 4 128 4 0201 ) Define:

_ v(Bn "‘73).

¢ =v1+7 -8 I
— VUV

First suppose that v, + v, — # — 281595 < ( 50 that ¢ < 0. If Al < —Aod/, then

1-v

S (yrr (1)) > S (ygr (1)) so that ygr (1) > yrr (1), and S’ (yrr (—1)) < S (yur (—1)) so that
yrr (—1) > ypr (—1). It is = 0 if and only if:

Ao (rar —rrn) < A0 (gur —qrr) ,
which is equivalent to:
(Ao + A0) (yur (1) = yre (1)) > (Ao — A0) (yur (—1) = yre (—1)).
Moreover, it is 5 > 0 only if:
rar > o yYun (1) —yep (=1) >y (1) —yrr (1)

Hence, we deduce that 8 = v5 = 0. Then, v, + 7, — 8 — % =7, + 7, =1 > 0, which
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contradicts the hypothesis that this expression is negative.
Next suppose that v, + 74 — 5 — M > 0 so that ¢’ > 0. If A0 < Ac¢’, then

S (yrr (1)) < 8" (ymr (1)) so that ygr (1) < yrr (1), and S’ (yrr (—1)) > S (yur (—1)) so that
yur (—1) > yrr (—1). Since 8 = 1 if and only if:

(Ao — Af) (yur (—1) —yr (=1)) > (Ao + A0) (yur (1) — yro (1)),

it follows that 3 = 1. Then, v, 4+ v, — 8 — 24004980 — _[1 — (7, 4 ~,)] — M < 0, which

1-v
contradicts the hypothesis that this expression is positive.

Overall, if A@ < Ac|¢'|, then the hypothesis that ygm (€) S ygr (€) at the solution to T
leads to a contradiction Ve. Moreover, if A0 > Ac |¢/|, then S’ (yrr. (€)) > S (ymr (€)) so that
yur (€) > yrr (€), Ve. It involves that ¢y > g1, which contradicts the monotonicity condition
implied by (IC1) and (IC4). Hence, when A0 < Ao, yur (¢) = yrr (€), Ve.

C.3 Proof of Lemma 3

Rewrite:

Clar,22,2) = [f(21) = fa+2)] = [f (22) = f (22 + )]
= —lfa+2)-f)]-{=[f(t+2)- f(2)]}.
We know that f'(-) < 0 because S”(-) < 0. Also, 8" (y1) 2 S" (y2), Vi1 > y2 if S” 2 0. It
implies that f ( s higher (lower) for the inverse of yo than yi, i.e., for ay than a;, where

) i
S (y1) = a1, S"(y2) = as. Then, y; > yo implies as > a1 so that f”(-) 2 0 and —f"(:) < 0,
hence —f' (a;) 2 —f' (a;) if a; < a;. For zq, 2, x such that z; < 2z and > 0 :

—/Ozf'('u+zl)d'u /f v+ 29)d
s [ Zf(v)dvz—/zz o
e —[fa+a)=f(2))] 2 -[f(a+2)— f(22)] & ((21,22,2) 20

C.4 Proof of Proposition 4 and Corollaries 3 - 5

C.4.1 Case Al > Ac
Consider I'" and recall the rents (28) - (32). We see that I, » > I, ; if and only if:

A (qun — qur) > Ao (run —TuL) - (40)
Mpga > Mppa if and only if gy > qur; using (6), this is rewritten:
qurm 2 qur < C(ayy, Gur, gy — agy) > [ @+ ayp — agy) — [ (@am) - (41)
Mppo > Uiy if and only if 71, > ryy, rewritten as

TLL 2 THL < C (QLL7ELLaQLL - QHL) > f (aLL +ar; — QHL) —f (aHL) . (42)

HLH,B > HLH,I if and OIlly if TLL > THL; HLH,g > HLH,Q if and Only if (40) holds. Given the
quantity ranking in Lemma 1, we have: a;; < ayy < ag; and ar; < @y, < agy. Then (40)
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is equivalent to:

(A0 — Ao) (yua (1) — yar (1)) > (A0 + Ao) (yar (1) — yuu (1)) .

Computing;:

(A0 — Ao) (yan (=1) = yur (—1)) — (A0 + Ao) (yur (1) — yum (1))
(A0 = Ao) [(yur (1) —yur (=1) = (yrr (1) — yuu (1))] — 280 (yar (1) — yun (1))
= (A0 —Ao){((apypy, Gur; agy — agg) + [f @un) — [ (@ur +agp — agy)l}

—2A0 (f (@ugr) — f (@mn)),

we see that (40) is further rewritten as:

Clayy, @rr, oy, — apy) > (4, (43)

where (; is defined in (15).

Then, as ( (-, -, -) increases, 11,1, » becomes bigger relative to Il 1; II 51 and I 2 become
bigger relative to Iy 4; 111,35 becomes bigger relative to both II; 1 and Il g . This evolution
highlights that ICHH becomes tighter relative to ICHE, and ICEL becomes tighter relative to
both ICEL and ICEH . Hence, relevant incentive constraints are increasingly more related to the
possibility of adjacent types being misrepresented rather than nonadjacent types (Proposition
4), and, equivalently, increasingly more related to the agent misrepresenting ¢; rather than 6;
(Corollary 3). When (41), (42) and (43) hold local incentive constraints imply global incentive
constraints (Corollary 4). According to type ordering (2), there is no downward incentive
constraint involving understatement of @5 (Corollary 5).

C.4.2 Case A< Ao

Given the quantity ranking in Lemma 1, we have ayy < ap; and agrp < agpg. Recall that
the rents are as follows: Il ;, = gy, for types LL and H L; llgy = g, + Aorgy, for type HH,
either Il or I g4 for type LH. As above, Iy, > Hpp4 if and only if (41) is satisfied,
which proves again Proposition 4 and Corollaries 3-5 for this case.

D A characterization of the optimal contract under fully

sequential screening

D.1 Proof of Proposition 5

D.1.1 Check the solution to I”

Lemma 4 8> 0 if and only if ((ay gy, aur,any; — agy) < ¢y, where ¢; > 0.

Proof. The equivalence 8 > 0 < ( (ayy,ur, A, — agy) < ¢; is demonstrated in the proof

of Proposition 1. Knowing that f'() < 0 and ayy > ayr, we have f (agr) — f (@Gug) > 0.
Further using ay; > apyy and ay;, — agy > @y — Qpyr, we find:

f(@ur) = f(aun) = f(aur) — f @ur + @y —aur) > f(@ur) — f (@ + agp — agy),
so that ¢; > 0. m
Lemma 5 At the solution to I :

i) IfC(agpy, @ur,ayy, — agy) < €, then 3 =1, v, =0 and v, = 0.
i) Ifenw < C(apm @ur, gy, — agpg) < Gy, then 8>0, 73 =0, 7, >0 and 7, > 0.

39



(tid) If C(agp,anr, apr, — agy) > Cq, then § > 0, v53 = 0, 75 > 0 and v, > 0; if also
C(apr, L, agy — arp) > €, where e, > 0, then.y, = 1.

Proof. Proof of (i).

Throughout the proof we let: (ay; — apy) — (@ — GuL) = By + 75 — 20 =

- =X
1-p
Use the definition of 5 and recall that, applying (6), it is ¢gzg > guy, if and only if:

C(apym, @ur, ayy — agy) > €n-

Since ey < (4, f=1for ( <ey.
Furthermore, v4 > 0 if and only if gy, > qum and 71, > gy, which is equivalent to:

Clapr, @rr,agy —apr) < €L

for some e;;, = f (apr +ayy, —ay) — f (@yr) - Resting on:

ZQWAU

(= .

(apr —apy) — (@ur —arr)

we see that e, < 0, where €7, = 0 when v, = 1.
Overall, if ( < min{err,ex}, then g > gupg together with rgy, > rrr so that v5 = 1. We
hereafter show that neither inequality can be satisfied without satisfying the other as well.
(I) Suppose Je such that gyg > qur and rpp < rgp, involving that ey < e and € €
(EH7 ELL) . Then:
AO(qun — qur) > Ao(rop — TaL). (45)

Recall that €, < 0 < (;, where €, > € under our hypothesis, and that § > 0 for ( < (;.
From (7d) and (9) and from (45) it follows that ~; = 1, hence 7, = 0. Then, the wedge:

(ayr, — app) — (@un —@ur) = Bya + 73 —

(1-58)u '
I3

1—
reduces to —% < 0, implying ey > 0. As e < e and €1, < 0 < ey, the hypothesis that
quu > qyr leads to a contradiction. Hence, #e such that quu > qur and rp; < rgp. It is:
EH 2 ELL-

(II) Suppose e < (; such that gqyg < qur and v > rgp, involving that ey > e, and

¢ € (erp,en) . Then:
A(T(’I“LL — THL) > AG(qHH — qHL). (46)

Knowing that 5 =1 for € < ey, from the expressions of the rents and from (46) it follows that
75 = 1 so that e, = 0. Moreover, y = 1 involving that ey < 0, hence the interval (e.r,epq)
does not exist. Therefore, ey < €.

From (I) and (II), it follows that e, = ey, implying that rr;, > ry; if and only if
qru > qur- It further follows that, if € < ep, then v5 = 1. As § =1, it is x = 1 involving that
eg < 0.

Proof of (i7)
Take ey < C(appy,@ur, Ay, — agy) < ¢ so that v5 = 0 and 8 > 0. Recall from Proof of
(7) that v, < 1 because the condition gyy > quy is otherwise contradicted. Then, v, > 0.

Supposing that 7, =1, x = f— (11%[2" 38 > 0 such that y > 0, hence the condition qgg > qgr,
is not contradicted. Therefore, v, > 0 and «; > 0, where v; =0 if 7, = 1.

Proof of (iii)
Take now ¢ > (;, implying that S = 0, which means:

ANO(guu — qur) > Ao(rag — TaL)-
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Suppose that v, = 1. As above, we have x < 0, which contradicts the result that qgg > qur
V( > ep. Hence, v; < 1 and so vy, > 0.
Suppose that v, = 1, which means rp; > rgpy. Usingagy > app and ayy < app, "o > "o
if and only if:
C(QLLaaLbQHH - QLL) > €r.

Resting on:

v Af 1 1—p
— = A6—-A — = —— | Ao| — A 4
Qg — Arg, 0 U+1—y [1—M (72"‘1_”) U} 72 " o (47)

v A6 I 1-—
Ay —a = A A — A STHEA 4
aQHH arr, 0+ J+1—l/|:1—,u <’72+1 ll> U:|+’Yz " g, (8)

we see that ayy —a;;, < @Gug — @rp < arp + ayy — a5, < aypy. Hence, e, > 0, where
Er = f (aLL +QHH - QLL) - f (EHH) by deﬁnition. |
Lemma 4 and Lemma 5 prove point (i) in the proposition.

D.1.2 Check the solution to I'”
With ygy (¢) = yur (€), the rents in (7a) - (7d) are rewritten as:

HOur = 0; Hyg = Aorgw; U = AOgun (49)
Oeg = v, (A0guu + Aorgw) + vo (Abquu + Aorpr) .

The agent’s expected rent amounts to: vAOquy + (1 — p) {[1 — (1 = vy) V] rum + vyyron} Ao.
Using this expression, the objective function in I'” is formulated as:

Z By B (S(yl-]-) + S@ij)) — (0iqi; — oj745)
ijeT
~vAOqu — (1= p) {[1 = (1 —vy) V| ran + vyeroe} Ao.

The optimal quantities are characterized by the first-order conditions (10) and (14), together
with ygy (€) = yur (€) Ve.

As ypu () = yur () Ve, 73 = 0 and 8 = 0. From (49), v, > 0 is equivalent to ryy > rrr,
where v, = 1 if ryy > rp. From the quantity solution, we get:

G AL T ) (1 ) [
o 1-(A-v)p \, V(=7
un =~ = Gy g T T A

Both aypy > a;;, and ayy > app. Thenryy > rppifand only if ¢ (ay;, Gum, oy — ar;) < €r.

We see that ayy —ar; > gy —arp < arL + Qg — ap; > gy, With strict inequality if and
only if v, < 1; hence f (Gr +agy —a;;) — f (@gg) < 0, with strict inequality if and only if
Y2 <

so that ayy > appandayy > apr. Then, ryy > rppifand only if C(ay,, Gum, agy —apy) <
er. We see that ayy —a;;, > Gy —arp < arp +ay aLL > Gy, where the inequality is
strict if and only if v, < 1. Hence, f (@rr +apgg —arr) — f (@gy) < 0 where the inequality is
strict if and only if v, < 1.

Therefore, v, = 1 < rgy > rop < ((ap., Gup,agy — o) < €, where ¢, < 0 when
evaluated at vy = land vy =v3 = =0; v, =1 S ryg <rrp < ((ap, Gum, agg — anr) >
€r, where €, > 0 when evaluated at v, = 1 and v, = 73 = 8 = 0. This proves point éz in
Proposition 5.
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D.2 Proof of Corollary 6

In Proposition 5, one identifies the following results.

(a) At least one between ICHL and ICH! is binding; the former is slack and the second is
binding when 3 = 0. This implies that ¢ (ay, @xr, ay; — agy) > ¢ if (13) holds. ICHL and
ICHH are both binding otherwise.

(b) If AG < §Ac, then at least one between ICHL and ICHL is binding if and only if
Clapp,arr,ar;, —apr) < er (o # 1), whereas ICEL is binding when ¢ (a;;,arr, ar; — ayy) >

em (7, >0).
If A > 6Ac, then ICHE and ICHH are both binding, whereas ICFL is binding when

C(arr, L, ary — agp) > € (71 < 1 so that v, > 0).

D.3 Proof of Corollary 7

The proof is immediate because the conditions in the corollary are those where 8 = 1 and
v, = 1 so that ICHH and ICFEL are the only binding constraints for types LL and LH.

D.4 Proof of Proposition 6

D.4.1 Reduced problem I"
From the proof of Lemma 2, at the solution to I, yyy (—1) > yur (—1) and yuu (1) <

yue (1)
Using (10) and S'(yru (€)) = 01 + oy we compute:

Syt (€)) = S'(yon (2)) = — (1 n vlu“) Ao,

so that a;; > a;y and @y < appy.
Using (10) and (11) we compute:

Sy (€) = S'"(yre () = MG+ — [71 +(1-p) <72 + 1ﬁu>] A

1
+eAo — 7,

—H Y- e
5A0+1_V(1 B) <72+1_M)5AJ.

If € > 0, then this difference is positive so that agy > arr. If € < 0, then the sign depends on
B, 71 and v,. It is apyyy > a; if and only if:

Af 1*&(1*5)(%+L)+1‘T‘w2
N
Ao 1+ﬁ(1—ﬁ)(% )Jrﬁy1

If 4, = 0, then this is clearly satisfied. Recall from Proposition 5 that v, > 0 is equivalent
to f < 1, involving that rr; > ryg < yrr (—1) — yuw (=1) > yor (1) — yuw (1) . However,
provided yrr (1) > yun (1) (as implied by @yy > @rr), this cannot hold true if y;, (1) <
yun (—1). Hence, ay

Usmg (11) and S’?yLH § = 01, + eog we compute:

S'(yrn (€)) = S"(yrm (<)) (50)
- A6’+{[71+(1ﬂ) (72+luu)] AG+(1-B) <”2+1Mu) sAa},
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This difference is positive Ve so that agy > @y and ayy > arg-
We found:

Ay > Qg 2> 6rp > apy and arpp <@g < Gpw; Gpn < GpH,

from which we derive the quantity ranking in Lemma 1.

D.4.2 Reduced problem I'”
Using (10) and (14) we compute:

(1-—v)(A1—p)+v
(1=v)(1—p)
vp+ (1 —v)(1—p) v
+<% (1-v)p 1V)EAU

If ¢ = 1, then this is strictly positive so that agy > arr. If ayy < a;;, it involves that
Ty > L, hence v, = 0. However, when -, = 0 the difference above is positive, contradicting
the hypothesis that ayy < a; ;. Hence, ayy > a; ;.

Using (14) and S"(yLu (¢)) = 01 + eon we compute:

S'(yuw () = S'(yre (e)) = Af

Sy (£)) — S (g (2)) = 7 (“ - ”)1(1_;") YA~ (1) 5A0>

If € < 0, then this difference is positive. If ¢ = 1, then it is positive if:

1
>
1_u Y25

which is true. Hence, ayy > a;y and ayg > ary.
Recalling that quantities are as in [ for types LL and LH, and that yu g (¢) = yuyr () Ve,
the ranking conditions in Lemma 1 are satisfied.

D.4.3 The necessary conditions (4) hold
First take I'V. From (12) and S'(yru (¢)) = 01 4+ eoy we compute:

Slns (€)= Slun (€)= Ab+efot fyu {5 + (728 +73) 1;“} Ab

v
1—v

{1 — B+ (1 - vy,B) & _u“ } eAo,

which is positive if ¢ < 0, and either positive or negative otherwise. Hence, a;; —a;y > 0 and
agr — arg § 0. If agr —arg > 07 then qrLH > qHL VC (’, ‘, ) ; llSiIlg (5), TLH 2 THL if and only
if (22) is satisfied.

Asrpy > 1o YC(, -, 0) and ryp > rpp if and only if ¢ (apypy,Qur, e, — apg) < €, we
deduce that ey < €g. Moreover, because 5 = v3 = 1 when ( (ayy,Gnr, Gy, — @ H) < ey,
erm is evaluated at these values. If @y, — ary < 0, then rpg > ryp VC (-, -,-); using (6),
qru > quyg if and only if (23) is satisfied. Since ¢rp > qum V¢ (-, -,+) and qur > qup if and
only if C(aHH,aHL,aHL —app) < em, we deduce that also €7, is such that e} 5 < eg. As
above, €7 1s evaluated at f = v =

Next take I". We previously found that a Ay > apy and ayy > apy. Knowing that ayy =
ay and agy = ayr, we deduce that oy > qur V¢ (-, -, ) . As above, rpy > ryy, if and only if
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(22) is satisfied.

E

More than four types

Index types by h € {1,2,3} and consider the case in which type h — 1 is more efficient than
type h, Vh € {2,3}. The incentive constraints whereby type 1 is unwilling to report 3 and 2
are respectively:

I, > M3+ (05—61)g3+ (01 —03) 73 (51)
and
II; > Ih+ (02— 01) g+ (01 — 02) 2. (52)

The incentive constraint whereby type 2 is unwilling to report 3 is:

Iy > g+ (03 — 02) g3 + (02 — 03) 73.

Using this constraint in (52), we further see that:

Iy + (02 — 61) g2 + (01 — 02) 72
O3+ (05 — 62) g3+ (02 — 03) r3 + (02 — 01) @2 + (01 — 02) 1
I3 + (03 — 01) g3 + (01 — 03) 13+ (02 — 01) (2 — q3) + (01 — 02) (r2 — 73) .

v

(52) is tighter than (51) if:

(02 —01) (g2 — q3) > (01 — 02) (13 — 12)

or, equivalently:

(0o — 01+ 01— 02] (Y2 (1) —y3 (1)) > [0 — 01 — (01 — 02)] (y3 (1) — 92 (1)) (53)

We distinguish between the following three cases:

When 63 — 0, > — (02 — 01) > 0, (53) is satisfied if y» (1) > y3 (1) and ya (—=1) > y3 (—1),
which is true when it is also 3 — 65 > — (03 — 02) > 0 and the quantities respect the
first-best ranking.

When 0, — 0; > 05 — 01 > 0, (53) is satisfied if yo (1) > y1 (1) and y2 (1) > 1 (—1),
which is true when it is also 63 — 05 > 0 > 09 — 03 and quantities respect the first-best
ranking.

When 0 < 0 — 0; < 03 — 01, (53) is satisfied if yo (—1) < y3(—1) and y3 (1) < y2 (1),
which is true when it is also 0 < 63 — 05 < 03 — 09 and quantities respect the first-best
ranking.

Next consider the case in which type h is more efficient than type h — 1, Vh € {2,3}. The
incentive constraints whereby type 3 is unwilling to report 2 and 1 are respectively:

O3 > o+ (62— 05) g+ (03— 02) 12 (54)
and
O3 > II + (61— 03) qu + (03 — 01) 1. (55)

The incentive constraint whereby type 2 is unwilling to report 1 is:

Oy > I + (01 — 02) 1 + (02 — 01) 1.
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Using this constraint in (55), we further see that:

Iy + (02 — 03) g2 + (05 — 02) 12
> I+ (b —02) g+ (02— 01)ri+ (02 — 03) g2 + (03 — 02) 72
= I+ (01 —03) 1 + (03 —01) 11+ (03 — 02) (1 — q2) + (03 — 02) (r2 — 73)
> Mg+ (05— 01) g1 + (03 — 01) 71,

hence (54) is tighter than (55).
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